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Abstract 



We introduce a variant of the usual Kahler forms on singular free divisors, and show that 
they enjoy the same depth properties as Kahler forms on isolated hypersurface singularities. 
Using these forms it is possible to describe analytically the vanishing cohomology in families 
of free divisors, in precise analogy with the classical description for the Milnor fibration of 
an ICIS, due to Brieskorn and Greuel. This applies in particular to the family {D{fx)}\^\ 
of discriminants of a versal deformation {/A}AeA of a singularity of a mapping. 

1 Introduction 



The hypersurface D in the complex manifold X is a free divisor if the Ox-module Der(logZ?) of 
germs of vector fields on X which are tangent to D, is locally free( see [0). Examples of free 
divisors include smooth hypersurfaces, normal crossing divisors, reflection arrangements ([pO|) 
and discriminants of right-left stable maps with source dimension not less than target dimension 
(H, 6.13). 

In many contexts, one is give a divisor Dq which is free outside 0, and a family D ^ C with 
special fibre Dq, in which the general fibre is free. Typically, Dt grows homology classes which 
vanish when t returns to 0. 

A familiar example of this phenomenon is shown in the following pair of diagrams. In the 
first, we see four planes passing through in 3-space, of which each three are in general position. 





Their union, Dq, is a normal crossing divisor, and therefore free, outside 0. It is not free 
at 0; this can be checked by a calculation, but it also follows from 2.2 below. In the second 
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picture, one of the planes has been shifted off 0, and the union, Dt, now has a non-trivial second 
homology class, carried by the tetrahedron one can see in the centre of the picture (in fact the 
inclusion of the real Dq and Dt in their complexification, induces a homotopy-equivalence, so 
these are "good real pictures"). Since Dt is now a normal crossing divisor (everywhere), it is 
free. One can think of Df as a kind of singular Milnor fibre of Dq — we have not smoothed Dq 
(as in "classical" singularity theory); instead we have freed it. 

Another large class of examples: if /q : (C^, 0) — > (C^, 0) (with n > p) is a germ of analytic 
map stable outside (equivalently, having "finite ^-codimension" ) then the discriminant -D(/o) 
is free outside 0; if ft is a stable perturbation of /q then D{ft) is a free divisor, which carries 
homology classes which vanish when t returns to 0. 

In 1^] Damon introduced a definition of almost free divisor, and a suitable category of defor- 
mations, which encompass these examples and many others. Using Morse-theoretic techniques 



introduced in |12|, he is able to calculate the rank of the vanishing homology. In this paper we 
describe the vanishing cohomology in the singular Milnor fibres of almost free divisors in terms 
of differential forms. 

For a reasonable description, the usual Kahler forms (the definition is recalled at the 
start of Section ^) are not suitable: there are too many of them. It is well known that if x is a 
singular point of a divisor D then Vl^ ^ has torsion for dim D + \ > k > dim D — dimDgjj^g. 
The torsion gives important geometrical information: indeed, if the n-dimensional divisor D 
has an isolated singularity at x then the torsion submodule of ^ has length equal to the 
Tjurina number, and thus less than or equal to the Milnor number, the rank of the vanishing 
homology (and equal to it if D has a weighted homogeneous defining equation). In this case 
one can think of torsion n-forms as forms which are idle (evaluate to on every n-vector) on 
{D, x), but which come to life on the Milnor fibre of {D, x). The torsion submodule of fi^) x thus 
encodes information on the vanishing geometry of the Milnor fibre. On a singular free divisor 
or almost free divisor D the singular subspace has codimension 1, and thus if dim I? > 1, all the 
modules of Kahler forms (except for Q^) will have torsion submodules of infinite length. In the 
deformations described by Damon, almost free divisors become free, but are not smoothed, and 
thus infinite dimensional spaces of Kahler /c-forms will wait in vain for their vanishing /c-vectors. 

The obvious thing to do to remedy this is to kill the torsion forms on a free divisor D (as 
free divisors are the stable objects in Damon's theory). Doing so, we obtain modules which 
we denote Cl^. The definition of the modules fJ^^ of forms on an almost free divisor Dq then 
follows by a standard universal procedure — embed Dq in a suitable free divisor D, as the fibre 
of an ambient submersion to a smooth space S, and then take the quotient of the module of 
relative forms ^i)/g defined in the standard way from Q,^. In fact Damon defines an almost 
free divisor Dq C ^ as the pull back of a free divisor E C W hy a map iq : V ^ W which is 
transverse to E outside 0. In the spirit of Damon's definition, we can also define our complex 
as the quotient of ^ly by the ideal generated by the pull-back via iq of a certain ideal of 
0^. This is discussed in Section]^. 

This programme, which of course can be applied to any category of spaces with a distin- 
guished category of deformations, turns out to work extremely well for free and almost-free 
divisors. In fact if is a free divisor then 

torsion = 17^ //if)'' (log D) 

where h is an equation for D in X, and so, since all the modules /lO'^(logL') are free, the 
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are maximal Cohen-Macaulay O/j-modules. In Section ^ we show that as a consequence, 
the ^^£)/5 enjoy precisely the same depth properties as the modules on deformations of 

isolated complete intersection singularities (ICIS). In particular we prove an analogue of the 
fact, recalled above, that for an isolated hypersurface singularity the torsion has length r: 
Theorem 1.1 Let fo : (C",0) — > (€^,0), withn > p nice dimensions, have finite Ae-codimension, 
and let D{fQ) be its discriminant. Then the torsion suhmodule ofCi^^^^^Q has length equal to 
the Ae codimension of fo . 



This is a consquence of 4.3(4) below 



In Sections |5|, ^ and |^ below, we develop the theory of the Gauss-Manin connection on the 
vanishing cohomology of a deformation of an almost free divisor. The similarity with the classi- 
cal theory — the Gauss-Manin connection on cohomology of the Milnor fibration of an isolated 
hypersurface singularity — is evident; many of the same theorems hold, including coherence, 
and with almost the same proofs. The author does not claim much originality in this latter part 
of the paper. However, what is remarkable is that the old constructions work so well in this 
new context. 



This paper has taken a rather long time to write, in the course of which the author, and hope- 
fully the paper, have profited from many helpful conversations with Francisco Castro and Luis 
Narvaez, to whom I am very grateful. Both the idea of studying the Gauss-Manin connection 
on the discriminant of a family, and the definition of Cl^, arose in conversation with them. I 
am also grateful to Jim Damon and Duco van Straten for stimulating conversations on this 
topic, and to Maria Aparecida Ruas, Farid Tari and Washington Luiz Marar for an invitation to 
lecture on this topic in the 1998 Sao Carlos Singularities Workshop, which led to what I believe 
are some useful improvements in the presentation of this paper. I thank the referee for a very 
careful reading of the manuscript, and for a number of helpful suggestions. 

Before the deadlines passed me by, I optimistically intended the paper for the proceedings of 
the 1996 Oberwolfach conference in honour of E.Brieskorn on his 60th birthday; notwithstanding 
the time that has since passed, the paper remains respectfully dedicated to him: imitation is 
the sincerest form of flattery 



2 Almost-free divisors and their deformations 

Let E C W he a divisor in the manifold W, and let y be a manifold. The map i : V ^ W 

is algebraically transverse to E at vu = i{v) if di]i{TyV) + T^^E = T^W. Here T^^E is the 
"logarithmic" tangent space to E at w: 

Tl°^E = {x{w) : X ^^eiilogE)^}. 

For future reference we note that the notion of logarithmic tangent space allows us to speak of 
logarithmic submersion and immersion, logarithmic critical value, etc. etc., as well as logarith- 



mic (= algebraic) transversality. By 2.12 of |15| the logarithmic implicit function theorem holds 
(for maps with smooth target). 
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Definition 2.1 (j^) The germ of hypersurface Dq cV,0 is an almost free divisor based on the 
germ of free divisor E C W,0 if there is a map iQ : V,0 ^ W,0 which is algebraically transverse 
to E except at 0, such that Dq = i^ {E). 

If the map io of the definition is algebraically transverse to E then Dq is a free divisor; in this 
case it is not too hard to show that there is a free divisor Eq C Wq and integers k and d. such 
that {W,E) ~ (1^0,^0) X C'^ and {V,Dq) ~ {Wo,Eq) x 

A 1-dimensional almost free divisor Dq C V based on the free divisor E dW \s also free in 
its own right, being a plane curve, even when the inducing map iQ -.V ^ W \s not algebraically 
transverse to E. Although this phenomenon is not inherently problematic, it can be confusing, 
and therefore we now show that it cannot occur for higher dimensional almost free divisors. 

Proposition 2.2 Let Dq d V be an almost free divisor based on the free divisor E C W , 
Dq = io^(^)- Then 

(1) The sequence 

n n n n \ /j *«o ^(^o) ^(^o) „ 

DeHlogDQ) ^ Ov — > .^.p, FvT ^ ^FF ' ^ 

i^{Der{logE)) TICE,eio 

(where TK-eAo = tio{0v) + iQ{Der{log E)) is exact. 

(2) IfiQ is not algebraically transverse to E then depth Der(logl?o) = 2 (we assume dim V > 2). 

(3) (Jacobian criterion for freeness) If dim V > 2 then Dq is a free divisor if and only if zq is 
algebraically transverse to E. 

Proof First we prove that iQ(Der(log E)) is a free Oy-module. Let .^i, • ■ ■ , be a free basis 
for Der(log£'). We have an epimorphism 

(B^Ov ^ i*Q{Der{logE)) 

with (j){ej) = S^j o iQ. Suppose (ai,---,o„) G ker cj). Then Ylj'^ji^i ° ^o) = 0. However, if 
iQ{x) ^ E then the vectors iiiioix)) E,n{io{x)) are linearly independent, and so all 0^(2;) 
vanish. That is, supp(aj) C Dq. As Dq is a divisor, all the Oj must be identically 0, and 
io(Der(logii^)) is free. 

(1) and (2) Consider the short exact sequence 

^ ili^evilogE)) ^ e{iQ) ^ 0(io)AS(Der(logi?)) ^ 0. 

The right-most module is supported only on Dq and thus is not free over Oy, so its depth is 
less than the depth of ^(^o)) which is of course equal to dim V as 9{iQ) is a free Oy-module. As 
Zo(Der(logS)) is also free, the depth lemma shows that depth 0(io)/io(Der(log£')) = dim V — 1. 
The exact sequence 

O^K ^9v ^ e(io)AS(Der(log^)) ^ e{iQ)/TJCE,eio ^ 
(where K and TICE,eio are defined by the sequence) breaks into the two short exact sequences 
^ Ov/K ^ 0(io)AS(Der(log^)) ^ e{iQ)/TICEJo ^ 
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and 

0^ K ^Ov ^ Ov/K 0. 

If 9{io)/TICE,e'i'0 7^ 0, then its depth is (for it is supported only at 0). As 
depth 6(10) /zq {Dei {log E)) = dim V — 1 > 0, the depth lemma applied to the first of these 
two short exact sequences implies that depth Oy /K = 1. The second short exact sequence now 
implies that depth K = 2. 

A similar argument shows that if 9{iQ)/TICE,e'io = then K must be free. 

Now K C Der(log Dq), for if x ^ K then for all x & Dq, dio x{x{^)) ^ T^^E] if x is a regular 
point of Dq this means that io(a^) is a regular point of E and that x(^) ^ ('^a;^o)~^(7io(x)-E') = 
TxDq, and thus x & Der(logL>o)- Since iq is algebraically transverse to E outside 0, K and 
Der(logL'o) coincide outside 0. Thus we have a short exact sequence 

^ A' ^ Der(logL'o) ^ Der(logZ)o)/i^ ^ 

in which the right-most module, if not 0, has dimension and thus depth 0. This is impossible, 
again by the depth lemma, since depth K >2. Thus K = Der(log-Do). 

(3) "if" is clear; here we prove the converse. If 6{iQ) /TK,E^eio / then by (3) depth Der(log Dq) = 
2 < dim y, and thus Dq cannot be a free divisor. □ 

Example 2.3 The divisor Dq shown in the Introduction is an almost free divisor. It is the 
preimage of the free divisor E consisting of the union of the four co-ordinate hyperplanes in C^, 
under the inducing map ^0(2:1, X2, xs) = (xi,X2,X3,xi + X2 + X3). Since iq is not algebraically 
transverse to at (for T^^E = {0}), it follows from |2.2K 3) that Dq is not free at 0. Since 
Dq is free outside 0, it also follows that iq is algebraically transverse to E outside (though of 
course this is obvious anyway), so Dq is an almost free divisor. 

The deformations of almost free divisors that we consider arise as follows: beginning with 
an almost free divisor Dq C V obtained by pulling-back the free divisor E d W hy the map 
iQ -.V W, we consider deformations i : V x S ^ W of iQ, and fibre D := i^^{E) over the base 
S of the deformation. When necessary we will refer to deformations of this type as admissible. 
Unless otherwise specified, all deformations of almost free divisors that we consider from now on 
will be admissible. A deformation D ^ S is free if D = i~^{E) with i algebraically transverse to 
E, is versal if i is a /C£;-versal deformation of io (see 2.6 below), and frees Dq if for generic u S 5 
the map ill — ^(-) is algebraically transverse to E. The set of points u (z S for which i^ is not 
algebraically transverse to E is the logarithmic discriminant of the deformation, and is denoted 
B (since in many cases it is the bifurcation set of a deformation). When the deformation is 
miniversal, the logarithmic discriminant is sometimes called the ICe- discriminant of Dq (or of 
^o)- 

Theorem/Definition 2.4 /^J/^ Let Dq be a p-dimensional almost free divisor based on the 
free divisor E. If i: : D S is a deformation of Dq which frees Dq, then for u € S \ B, 
Ds = i~^{E) has the homotopy type of a wedge of p-spheres. The number of these is independent 
of the choice of deformation; it is called the singular Milnor number of Dq, and denoted ^e{Dq). 
The space Dg is a singular Milnor fibre of Dq; up to homeomorphism it is independent of the 
choice of deformation. 
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If the logarithmic version of Sard's theorem held for free divisors, then every free deformation 
of Do would free it. However, it does not hold: 



Example 2.5 (F. J. Calderon, [Q) Let Z) C be the set defined by the equation xy{x — 
y){x + Ay) = 0, and let 7r(x,y,A) = A. One checks that D is a free divisor. The fibre of vr 
over A is a union of four lines through (0,0) in C^. As A varies, the cross-ratio of these four 
lines varies, and thus the family is not trivial. In particular, there is no logarithmic vector field 
with non-vanishing (?/9A-component at points (0, 0, A), and so every point in C is a logarithmic 
critical value of vr. 



In [11| Jim Damon describes a large class of related examples; in particular the total space of 
the Hessian deformation of any non-simple weighted homogeneous plane curve singularity is a 
free divisor. Calderon's example falls in this class, of course. 



It is probably sensible at this point to describe in more detail the family of examples we are most 
interested in. These are the discriminants of map-germs of isolated instability (i.e. finite Ae 
codimension) fo'.U = C", — > C^, = y (with n > p), and those of their deformations which 
arise from deformations of the germ /q. Any map fo'.U^V can be obtained by transverse 
pull-back if) from a stable map F, as in the diagram 

jo T T «o 

U ^ V 

In this case the discriminant -D(/o) of /o is the pull-back by io of the discriminant D{F) of F. In 
Damon shows that stability of / is equivalent to the algebraic transversality of iq to D{F). 
We reprove this in Section ^ below. Thus, if /o has isolated instability then D{fo) is an almost 
free divisor based on D{F). 

Any unfolding G : U ^ V >iS, g{x, s) = {gs{x), s) of /o can also be obtained from F by 
transverse pull-back, by a deformation i of io, and thus the fibration D{G) — > 5 is an admissible 
deformation of D^Jq). Its fibre over s G S is the discriminant D[gs) ol Qs- Now suppose that G is 
a stable unfolding of /o, and that the logarithmic discriminant B of the projection vr : D[G) S 
is a proper subset of 5 (so that G is a stabilisation of /o). For u ^ B, fu is a stable perturbation 
of /o- The singular Milnor number nj^^^p^^D^fo)) of D^fo) is the rank of the vanishing homology 
of the discriminant of a stable perturbation of /o; in |jl2| it is denoted by ^a(/o) and called the 
discriminant Milnor number of /q. The main theorem of [0] is that provided (dimf/, dim^) are 
in Mather's "nice dimensions", /iA(/o)) satisfies 

AiA(/o) > ^ecodimension of /o 

with equality in case /o is weighted homogeneous. We give a fuller account of the link between 
the theory we construct here and the theory of right-left equivalence of map-germs, in Section ^ 
below. For now, we hope it will serve as a motivating example. 

Now recall from Q the notion of JCe equivalence for almost free divisors based on the free 
divisor E - or, more precisely, /C£;-equivalence of the maps inducing them. 
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Definition 2.6 1. Let V and W he smooth, and let E dW he a closed complex suhspace. Then 
KLe is the suhgroup of IC consisting of pairs {^,(1)) € Diff{VxW)xDiff{V) such that 

• pi{^{v,w)) = (j){v) for {v,w) G VxW, where pi : VxW V is projection; 

• ^{v,0) = {(l){v),0)forveV; 

• ^{VxE) = VxE. 

2. Two germs io,jo : V ^ W are ICe -equivalent if there exists ($,0) G JCe such that <I> o 
gr^^ = grjg o (p, where gr^^ and grj^ are the graph emheddings of io and jo, v i-^ {v,io{v)) and 
v I— > {vijo{v)) respectively. 



Evidently if io and jo are /C£;-equivalent then i^ ^{E) and Jq ^{E) are isomorphic varieties. 

The K-E^e tangent space TK-E^eio is equal to 

tio{6v) + ilT)ev{logE); 

the KLe e normal space is then 

^(^o) 



tio(^v) +«oDer(log^)' 

By Nakayama's lemma, it is supported precisely on the points where io fails to be algebraically 
transverse to E. The deformation i of io is KLe^e versal if every other deformation of io is 
parametrised Ke isomorphic, in an appropriate sense, to one induced from i. The sub-index 
"e" here indicates that in the parametrised equivalence, the parametrised family (pg of diffeo- 

morphisms of the domain ^ of i H are not required to fix G ^ when s 7^ 0. Recquiring 

that </>s(0) = for all s € 5 gives rise to a stricter notion of versality, namely /Cg-versality. 
Note that our terminology differs slightly from Damon's at this point: he does not consider the 



stricter notion, and uses the term Al^-versal where we use K,E,e versal. See Section 3 of 1 33] for 
a discussion of this point. 

Damon shows in Q that the usual infinitesimal criterion for versality holds: i is /C_B,e-versal 
if and only if 

T}CE,eio + C(ii, • • • , irf) = 6'(io) 

where ij is the restriction to yx{0} of di/dsj, the Sj,j = l,---,d being coordinates on S. 

From the existence of /C^j^e-versal deformations it follows that if vr : Di ^ Si and tt2 ■ 
D2 — > 5*2 are both admissible deformations of the almost free divisor Do based on the free 
divisor E, and both free Dq, then the generic fibres of vri and 7r2 are homeomorphic. For up to 
isomorphism both deformations are induced by base change from a versal deformation, and as 
the base space of the latter is smooth, and the discriminant is a proper analytic subvariety, it 
follows that any two generic fibres are homeomorphic. 

Lemma 2.7 Let Dq C V be an almost free divisor based on the free divisor E C W , with 
if) : V ^ W the inducing map. Let i : V x S be a deformation of iq, algebraically transverse to 
E, let D = i~^{E), and let tt : D —>■ S be the resulting deformation of Dq. Then 



tTT{Der{\ogD)) + tt* (7715,0)6* (vr) ' 
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Proof We have 



t7r(Der (log D)) + tt* (m5,o)^(vr) xs/s + Der (log D) + msfl9vxs 



tj(^v)+J*(Der(logZ))) 

where j :V ^ V x S \s the inclusion v ^ {v,^)- Now iq = i o j, and because i is algebraically 
transverse to E, ti : 6{j) — > 0(io) induces an isomorphism NICD,ej — NK-E^e^- This is proved in 
Proposition 1.5 of but for the reader's convenience we now sketch the argument. It is easiest 
to see if we assume that Tq°^E = 0; for then i must be a submersion, and choosing coordinates 
with respect to which it is a projection, the isomorphism is a straightforward calculation. 

In the general case, if Tq°^£' is fe-dimensional, then the pair {W, E) is isomorphic in some 
neighbourhood to a product {Wq, Eq) x c'^. Let p : W ^ Wq be projection, using this product 
structure. Then the calculation just mentioned shows that N}CE,eio — N^Eq^cP ° i^-, and also 
that the submersion po i induces an isomorphism NlCo^ej — NK^Eo,eP ° io- ^ 

In the light of this lemma, we refer to the quotient 0(7r)/t7r(Der(log Z?)) as T^^°^, and 

to 0(7r)/t7r(Der(log D)) + msfiO{7r) as T^^^^. The reader will recognise the similarity to the 
definition of T^^^. and T^^ for a deformation / : X — S" of an ICIS Xq, cf ||2^ Chapter 6. 

We extend the definition of T^^"^ to the case where tt : D ^ S is not necessarily free: 

Definition 2.8 Let n : D ^ S be an admissible deformation, and let p : V SxT be a free 
extension o/vr. Then 



T 



l,Iog _ d{p) 



tp{Der{\ogV)) + {t)e{py 
where (t) is the ideal defining S'x{0} in SxT. 

It is easily seen that this definition is independent of the choice of free extension p, by means of 
the following lemma, which is proved by standard singularity theory methods: 

Lemma 2.9 Let E CW be a divisor, let : V,0 ^ W, 0, and suppose that i : VxT, {0,0) ^ W,0 
and j : V X T, (0,0) ^ W,0 are deformations of iq, both of them logarithmically transverse to 
E. Then i and j are KiE-equivalent, as maps, by an equivalence which restricts to the identity 
on V . □ 



The analogy with isolated complete intersection singularities continues: 

Proposition 2.10 Let ir : D ^ S be an admissible deformation of the almost free divisor Dq, 
and suppose that vr frees Dq. Then T^^°^ is a Cohen- Macaulay module of dimension dimS — 1. 

Proof If TT is a free deformation, then the result follows from a theorem of Buchsbaum and 
Rim (1^ Corollary 2.7); for we have an exact sequence 

Bev{logD) ^ ein) ^ t'^%^ ^ 
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(where vr : V x S ^ S is the obvious extension of vr) in which Dei {log D(F)) is free of rank 
dimZ) + 1 and ^(vr) is free of rank dimS". The theorem cited imphes that dimT^'^*^ > dimS" — 1, 

and that if this dimension is attained then T^j^^ is Cohen-Macaulay. Now the hypothesis that 

Do be almost free imphes that T^j'g is finite over S, while the hypothesis that vr frees Dq implies 

that dim(supp(7r*(T^'^'^)) < dimS. Hence dimT^'j,'^ = dimS" — 1, and (1) follows. 

The general case follows from this special case by a standard dimensional argument. Let p : 
I? — > SxT be a free extension of tt, with dim T = d. Then because 

and dim T^j'^ = dim {T^^°g^rp) — d, T^"^ also is Cohen-Macaulay. 

□ 

3 Differential forms on free and almost free divisors 



From now on, when we speak of a free divisor the letter h will always denote its reduced 
equation. 

In this section we define and study the improved version of Kahler forms on free divisors 
mentioned in the introduction. First we recall (e.g. from [^2|) the standard defintion of the 
Ox-module Vl\ of Kahler fc-forms on a subvariety X of a smooth space V . Suppose that the 

k 
X 



ideal of functions vanishing on X is generated by /i, . . . , /„; then is defined to be 



{h,...,U)^^y + Y.^dhA^\r^' 

The exterior derivative d : ^y^'^ passes to the quotient to give an exterior derivative 

^x"^! complex f]^, equipped with this exterior derivative, is naturally isomorphic 
to the complex of holomorphic differential forms on X defined using charts, when X is smooth. 

Now let -D C y be a free divisor. Recall K.Saito's definition in [^] of the sheaf O'^(logD) 
as the Oy-module of meromorphic differential forms ivonV such that huj and h dw are regular. 
Clearly VtyilogD) is a complex; note that /iJly (log D) is a subcomplex of Jly, so that the 
quotient Vty /hVly (log D) is also a complex. This complex is our replacement for the complex 
of Kahler forms on D. 

Definition 3.1 Let D he a free divisor. We define 

fit - ^ 



^ hn''{iogD)' 

Since {dh)/h A n^T^ + n^. Q n^{logD), fi^ is a quotient of n%. 

Example 3.2 Let D be the normal crossing divisor zi . . . Zp = 0. Then Qy{logD) is the 
free Oy-exterior algebra on generators dzi/zi,i = l,---,p, and so hQy(logD) is generated 
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over Oy by the forms zjdzj, where |/| = fc, J U / = {1, ■ ■ ■ ,p} and J fl / = 0. It is easy 
to see that if n : D ^ D is the normahsation of D, and i : D ^ C"^^ is inclusion, then 
hVty{\ogD) = ker(i o n)* : Vty O^, and so n^Q^j^^. By contrast, is larger, and the 

kernel of n* : Vl^ — > $7^ is non-trivial: for example, the forms {h/xi)dxi are not equal to in 



Lemma 3.3 Let D he a divisor in the p+1- dimensional complex manifold V, with local defining 
equation h. Then 

(1) n% = OD. 

(2) np+^ = 0. 

(3) For k with < k < p, the support of Cl^ is equal to D. 

(4) If X is a smooth point of D, then ^'l) ^ = x- 

(5) If D is a free divisor, then the depth (as module over Oy and Od) of Cl^ is equal to dimD, 
for < k < p, (so that is a maximal Cohen Macaulay Od -"module). 

(6) If the germ of D at x is quasihomogeneous, then the complex 

^ C ^ Od = ^ ^ ... -^QP^ ^0 

is exact at x. 

Proof (1) and (3) are obvious. 

(2) follows from the fact that nP+^{logD) = {l/h)n^^. 



(4). If y is a smooth point of D, then n''{logD)y = (dh/h) A 1)^"^ + 17^>^. Hence hn^ilogD) 
dh A n'l.J + hnl^y, and 0|-^^//iO'=(log D) = 0.% ^. 



(5). 17^//iJl^(logD) has an Oy-free resolution ^ hn^{\ogD) ^ ^ / hn'' {log D) 0, 
so its projective dimension is less than or equal to 1. Since its support is D, it must have 
projective dimension 1 and thus depth p — 1. 



(6). The proof here is a variant of the elementary proof that the usual complex 

^ C ^ Od ^ ^ ... ^ j^P-i ^fiP^^o 



is exact, which can be found, for example, as Lemma 9.9 in [22|. We use the local C*-action 
centred at y. Let Xe be a local Euler field, vanishing at y. Then for any homogeneous form 
Lo G ^vy weight £, we have Ly^^{Lo) = luj. Note Cartan's identity L^^{uj) = i^^{duj) +di^^{uj). 
Now suppose that duj G /lO^(log-D), and for brevity write duj = ha. Then (.uj = hi^^{a) + 
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diy^^iuj) G hO,'' {log D)y + dQyy. Thus, unless £ = 0, the class of uj in Qyy/hQ^ {log D)y is 
a coboundary. It follows that if we define H : ^ly y/^l* {log D) /hfl'^^ {log D)y to be 

(1/^) ^Xe weight i subspace (and extend continuously to the completion), then H gives 

a homotopy equivalence between Qy y/Q* {log D)y and its weight zero subspace. This weight 
subspace is just C in degree 0, since our C* action is good (i.e. the weights of all the variables 
are positive). □ 



Corollary 3.4 Let D C V be a free divisor. For each k, with < k < dimV , the torsion 
submodule of 0,^ is equal to hi}'^ {log D) / hQy + dh A and thus Cl^ = Q'^^/ torsion. 

Proof As is Cohen-Macaulay it is torsion free, and thus 

Tn% c hn'' {log D)/hn'i, + dh A n'l,'^. 

However the right hand side here is torsion, as it is supported only on -Dging (cf- |3.3|.5.) □ 

The fact that on a free divisor Cl^ is a complex of maximal Cohen-Macaulay modules on D 
is crucial to its applications. In this respect it improves on the usual complex $7^; in fact 

Proposition 3.5 If D is a free divisor and singular at x then for 1 < k < dim D, depth = 
dim D — 1. 

Proof This follows by applying the depth lemma to each of the three short exact sequences 



fly ' {dh/h)A n''{iogD) n''{iogD) 



and 



/ifi'=-i(iogD) 0^= {dh/h) Ani"-^ + n>' 

n''{iogD) xh 



{dh/h) A Jl'^-i + dhA Q.''-^ + hO.'' hQ.^{log D) 

together with 3^ below. For the first shows that Q!^{logD)/Vly has depth p := dim D, and so 
the second shows that its right-hand member has depth p — 1 (since by ^]^(4) is is supported 
only on -Dging- ^'^d by 3^ below it is not 0). The third sequence has as its middle term; 



the depth lemma says that its depth is at least as great as the minumum of the depths of the 
two outer terms, and thus at least p — 1. It also says that if it is greater than this minumum 
then the first term has depth one more than the last. Since the first term has depth less than 
the last, this cannot happen. □ 



Lemma 3.6 Ifx is a singular point on the reduced free divisor D C 0^+^ then for < k < p+1, 
dh A -|- hQ^^.i is strictly contained in /if2*^(log D)^. 

(L .a; (L jX 
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Proof Suppose Q^{logD)x = ^^p+i + [dh/h) A i^^p+i • Then a free basis for Vl^{\ogD)x 

can be extracted from the hst dxi, • • • , dxp+i, dh/h. If lji, • • • , cjp+i is a free basis, then ui A • • • A 
Wp+i = dxi A • • • Adxp+i/Zi, up to multiphcation by a unit ([^]). Thus, dh/h must be a member 
of any free basis extracted from this hst, and so without loss of generahty, we can suppose 
that dxi, ■ ■ ■ ,dxp,dh/h is a free basis. Since dxp^i is then an O^^p+i-hnear combination of 
dxi, • • • , dxp, dh/h, a calculation shows that dh/dxp^i is a unit, and thus that D is non-singular 
at X. 

Let uji, . . . , Wp+i be a free basis for 17^ (log -D). Then 17* (log Z))^; is the free O^p+i ^ exterior 
algebra over O^^p+i ^ generated by wi, . . . , Wp+i, while the algebra ^^p+i + {dh/h) A ^^"^+1 is 
a quotient (because there are relations in general) of the free Of^p+i ^ exterior algebra generated 
hy dxi, ... ,dxp+i, dh/h. Thus, if il^p+i + (d/i/Zi) A Sl^p+i is strictly contained in f^-^ (log L')^;- 

then for each k with < k < p+1, ^^p+i +(d/i//i) Ai7il~+i is strictly contained in Q^{log D)^. 

□ 

Recall that Od = Homo^ (J7^, O/j) is equal to the restriction to D of Der(logL'). The next 
proposition characterises Cl^ as the double dual of Q^. 

Proposition 3.7 Let D (ZV be a free divisor; then evaluation of forms on vector fields induces 
a perfect pairing x On — > Od- 

Proof The result is well known when D is non-singular, so we assume D is singular. De- 
fine by the short exact sequence — > Der(log D) ^ Oy ^ N ^ 0. It is a maximal Cohen- 
Macaulay Od module. Because Der(logI?) D hOy, restricting to D gives the exact sequence 
^ ^ 6*1/11) —> —> 0, and now dualising with respect to Od gives an exact sequence 

^ AtV ^ (0^|^)V ^el^ Extl{N,OD) ^ 0. 

Because is a maximal Cohen-Macaulay module on a singular hypersurface, it has a 2-periodic 
Ou-free resolution (see section 6 of and this remains exact on dualising with respect to 

Od; hence Ext})(7V, Od) = 0. Thus D maps onto and hence so does ^ly. The kernel of 
the epimorphism J7y — > 6*^ is {uj G : uj{x) G (h) Vx G Der(logI?)}. Denote this by K. Since 
evaluation of forms on vector fields gives an isomorphism r2^(logD) ~ Homy (Der(log D), Oy)) 
K is equal to hft^(logD). Thus, (0d)^ is equal to Cl]-). Finally, since ft\) = (fij^)^^, its dual 
must be (O^)^, i.e. 6d- □ 

We now define differential forms on almost free divisors. Rather than beginning with the 
procedure outlined in the introduction, we give an alternative definition, more in the spirit of 
Damons's definition of almost free divisor, in terms of the inducing map io. The two approaches 



are shown to be equivalent in 3.9 below. 



Definition 3.8 Let E CW be a free divisor, let iq : V ^ W be a map and let i : V x S ^ W 

a deformation oftQ. Let Dq = iQ^{E) and D = i~^{E). We set 

^° {i*o(,hn'{iogE))) 
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2. 



Here (iQ(/irJ*(log £'))) and (i* (/iri* (log £'))) arc the ideals in the exterior algebras and i^y^S 
generated by the forms io('^) **('^)) for w G h^*{\.ogE). They are of course subcomplexes. 

Proposition 3.9 Suppose that i : V x S ^ W is a deformation of io : V ^ W . Let He he a 
reduced equation for E, so that ho = h o i is a reduced equation for D = i~^{E) . Then 

1. 

(so the construction of Cl* commutes with restriction). 
2. If I is algebraically transverse to E then 

^ ^VxS 

""/^ hDnk{\og D) + dsi A n^y-^s 

Proof The first statement is obvious. For the second, we need a lemma. 

Lemma 3.10 Let p : U ^ W be a submersion, let E C W be a divisor and let D = p~^{E). 
Then 

n'{iogD) = {p*in-i\ogE))). 

Proof Inclusion of the right hand side in the left follows from the obvious fact that p* (O* (log E)) C 
r2*(logD). To prove the opposite inclusion note that after a diffeomorphism we may assume 
[/ = 1^ X r and D = X r, and that p : U ^ W is just the projection W xT ^W. Let 
q : W ^ W X T he the inclusion w <—>■ {w,0), and let ti, • ■ ■ ,tn be coordinates on T; then if 
u> G Q^{logD), we have 

uj{x,t) — Lo{x,0) = -j^io{x,st)ds 

= Wi'^{x,st)ds. 

Now each form -^uj{x, st)ds is in fi^(logD), for taking as equation for D the equation h of 
E (regarded as a function of (x, t) independent of t) we have 



d d 
hix) I ——u(x,st)ds= / ——h(x)io(x,st)ds 
Jo dti Jo dti 



and is therefore regular, and similarly 



d d 
dh A —uj{x,st)ds= / ——dh A uj{x, st)ds, 

Jo Jo C'tj 



also regular. 
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Hence 

uj = uj{x,0) (mod m(/,oJl^(log -D)) 
and the required inclusion will follow by Nakayama's Lemma, once we show that 

io{x,o) e p*{n' {log E)) A nij. 

But this is now evident: if 

0) = ^ dti^ A • • • A dti^ A 



with each LOi^^...^i^ independent of t and having no dti component, then each oji^^...^i^ is D- 
logarithmic (as it is the contraction of uj{x^ 0) by a Z^-logarithmic fc-vector) and, since uJi-^^.-.^i^, = 
p*q*uji^^...^i^, we have iOn,-,i,^ G p* {9.' {log E)) . □ 

Part (2) of the proposition now follows: we have 

^'^ ~ EdsiA 0^-1 ~ {i*{hEn-{iogE))) + Y.dsiA n'y^g ~ hDn*{iogD) + ZdsiA n'y-^s' 

□ 



Proposition 3.11 If E C W is a free divisor, zq : V ^ W is a map and Dq = i^ {E), then 
we have the following inclusions: 

hD,9v + dhD,An\r^ C l^l{hE9' {log E))k C hD,9\logDQ) 

where the lower index k in the middle complex means the degree k summand. If Dq is almost 
free, then provided dim Dq > 2 and E is not smooth, the first inclusion is strict. If is 
not algebraically transverse to E then the second inclusion is also strict for k = dim Dq and 
k = dim Dq + 1. 

Proof The first inclusion holds because dhE/hE € Q,^{logE) and we can take Hd^ = iQ{hE)', 
thus /iDo G iQ{hE9^{logE)) and d/iDo S iQ(/i£;$7^(log -E)). The second inclusion holds because, 
as is easily checked directly from the definition, iQ{Q'{logE)) C f]*(logDo)- 

Strictness of the first inclusion when Dq is almost free holds by |3.6| ; for this implies that the 
quotient of the right hand side by the left is supported at all points of -Dpgjj^g \ {0}, and thus 
also at 0. 

Strictness of the second inclusion for k = dim Dq follows from the fact that the torsion 
submodule of has length equal to that of NK,E,ei (by [4.3| , below), and thus depth fi^^ = 0. 
The depth of /hoQ^^ilogDQ), on the other hand, is at least 1; for r2P(logL'o), and thus 
/i£)(jr2P(log Do)) are isomorphic to Der(logL'o) and thus have depth at least 2, from which it 
follows that r2y//i£)Qr2P(logL'o) has depth at least 1. 

For k = dim V, it is evident that i ^{hE^^ {log E)) C mvfi^y unless is algebraically 
transverse to -E. □ 
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Proposition 3.12 Let Dq be an almost free divisor. Then for each vector field x G -Der(log -Dq); 
contraction by x gives rise to a well-defined OoQ-linear morphism ll^^ — > 

Proof The content of the statement is that if we represent lo € '^i ^ then the 

class of '-x('^i) ^Do^ independent of the choice of uji. Since contraction is evidently linear, 
this amounts to showing that if uJi € $7y is in fi^^ in then t^{uJi) is in ^f)^^- 

Let i : V X S ^ W he a deformation of the inducing map which is algebraically transverse 
to E, and let D = i~^{E). Denote by j : V ^ V x S the inclusion j{v) = (f,0). We have 
Dq = j~^{D), and since D is free we can apply Proposition |2.2| to conclude that Der(logDo) = 
(Der(logD))). As j is an inclusion this means simply that for each x ^ Der(logl?o) there 
exists X2 £ Der(logD) extending x- In particular, if X2 = X]'^*'^/^^* + then all bj 

vanish when s = 0. 

Let UJ2 € ^vxs extend toi. As toi is equal to in we have 

UJ2 € hn''{iogD) + s^nl^^s + YdsiA n^-^g. 

Now let X2 € Der(logL') extend x- Then = j* (i^^^i^^))- Since 

i^2(/iJl''(logD)) C /iJl'=-^(logi:)), 

and 

it follows that i^i^^) = fi^'x^i^^) G j* {hQ.''''^ {log D) + X] ■^j^^yxs + dsj A ily^^) and the 
proposition is proved. □ 

We end this section with a definition of logarithmic critical space: 

Definition 3.13 Let tt : D ^ S be a deformation of an almost free divisor and choose a free 
extension p : V S xT o/vr. Then 

1. the logarithmic critical space of p, Cp°^, is 

= suppTl;';^^ 



with analytic structure defined by the ideal Cp°^ := Tq^^^"^ (T^^^^^j,) 

2. the logarithmic critical space of tt is Cl°^ = Cp°^ fl p^^{S x {0}), with its natural ana- 
lytic structure as an intersection. (Once again, this does not depend on the choice of free 
extension p of it.) 

Here J-q is the zero'th Fitting ideal. We remark that in case the codimension of Cp°^ inVxSxT 
is equal to dimS' x T + 1, then this coincides with the annihilator of the Oyx^xT-module 
0(7r)/t7r(Der(logZ)), by the theorem of Q. This is the case, for example, if vr : D — > S" is a free 
deformation of an almost free divisor Dq, and frees Dq. The ideal C^^ can be calculated very 
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easily: if is a matrix whose columns are the components of a free basis of Der(logI?) and 0' 
its submatrix consisting of the rows corresponding to the deformation parameters, then Cp^ is 
generated by the restriction to VxS of the maximal minors of G'. 

One of the major differences with the classical case is that C^^^ is not necessarily radical even 
when vr : D — > 5 is the deformation induced by a /CEe-versal deformation of the inducing map 
i (cf 0). 



4 Algebraic properties 

As remarked above, our complex ^*£,ig has better depth properties than the standard complex 
O^y^. The improvement is crucial. 

Lemma 4.1 Let D C be a free divisor, and let gi, - ■ ■ ,gs and /i, • • • , /m be holomorphic 
functions on D, such that gi,---,gs is a regular sequence on Od, and such that for each i, 
dim C^g^ n y{gii---,gi) < dim D fi V{gi, ■ ■ ■ , gi) (where Cg°^ is the intersection with D of 
the support of e{g)/tg{Der{\ogG))). Denote by f the map (/i, •••,/„) : ^ C™. Let O = 
Oo/igi, ■■■ ,gs) and 

n'' ■.= n'h/{gi,---,9s)^'b. 

i 

n''{i) = n''/Y,dfj 

Then 

(1) forO <i <m, andO<k < dim V (g) - dim nV (g) , depth Cl^{i) > dimV{g)-k, and 

(2) the map 

df = df^A---Adfm: ^f'^^s , ofe-i ^ 

(51, ■ • • , gs)n%^, + Ej=i dfj A 



'X 



is injective, for < k < depth Oo/igi, ■ ■ ■ ,gs) — dimxC^^ fl V{g) 



Proof This lemma is just a translation of Lemma 1.6 of ||19[| (which can also be found in 
section 8C of [22|) and the proof is essentially the same. First, note that because Q!^) is a maxi- 



mal Cohen-macaulay O^^-module, any O/j-regular sequence is also il^-regular, and thus il^ is a 
maximal Cohen-Macaulay O-module. We now follow Greuel's argument. Write f{x) = z, and 
f-\z) = D,. 



(a) If X ^ Cj°^ n V{g) then D, x is isomorphic over C*, z to I?z x C*. The map 
then has a left inverse, and it follows that it remains exact after tensoring with Ox- 
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(b) Suppose that x G &p n V{g). 

We prove (1) by induction on k. For A; = it is trivial. Suppose it true for A; — 1, and 
consider the sequence 

which is evidently exact except perhaps at Ct^^^{i). To see that d/jA is injective, note that 
it is certainly injective off Cy°^ fl V{g), and thus kerd/jA C H^iog^^ However, 

depthQ^~^(f) > depthOj: — k > dimCj°^ H V{g), and so this local cohomology group vanishes 

and the sequence is exact. Now we argue by induction on i: for i = 0, depth l^^(i) = depth 17^ = 
depth Ox, as shown at the start of this proof. Suppose that depth — 1) > depth Ox — k. 
Then by exactness of the above sequence, it follows that depth Cix{i) > depth Ox—k, as required. 
This completes the proof of (1). 

Part (2) follows, for now by (a), kerd/A : ^x/ J2Y=i^fj ^x~^ ^ $1^+™ is contained in 
'H^iog^y^ ^{^x/ X^i=i ^fj ^ which, by the depth estimate just obtained, is equal to 0. □ 

We now apply the lemma in the following situation: tt : I? — > 5" is an admissible deformation 
of an almost free divisor, p : D ^ SxT is a free extension of vr, and denoting coordinates on 
S and T by si,---,Sd and ti,---,te, we take {gi,---,gk) = (ti,---,te) and (/i,---,/m) = 
{ti, ■ ■ ■ ,te, si, ■ ■ ■ , Sd)- From the lemma we conclude immediately that 

Proposition 4.2 If tt : D ^ S is an admissible deformation of Dq, and p : V ^ SxT is a 
free extension of n, then 

(1) provided Q < k < codim C^°^, depth ^^j^jg > dimDo — k and dir : ^'^^g — > f^^'' is an 
injection. 

(2) If Dq is an almost free divisor and tt : D ^ S is a deformation which frees Dq, then 
codim Ci°^ = dim 5+1, so that the assertions of (1) hold for k < dimD^. 

(3) The map Xdn : • • • ,te)(i'^'^ defined by wedging with dsi A • • • A ds^ A 
dti A ■ ■ • A dte, is 1-1 forO<k < codim C]^^. □ 



Proposition 4.3 Let n : D ^ S be an admissible deformation of the p-dimensional divisor 
Dq. Then 

1. ^^£)ig is a torsion-free Od -module for < k < codim C]^^ (in the sense that every non- 
zero-divisor in Od is regular on 

2. ^D/s ^ torsion module for k = dim Dq + 1; (and recall that ^^d/s ~ ^ ^ ^ 
dim Dq-\-1). 

3. if p : V ^ SxT is a free extension of tt then the cokemel of Xdir : J^^y^ — > Cl^'^'^'^ ®Od 
is isomorphic to T^°g . This cokemel is independent of choice of p; 

4- if Dq is almost free then the torsion submodule of Cl^jj^ has dimension equal to dimT^°^ . 
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Proof 1. Let p : V ^ SxT he a free extension of vr, with parameter space T of dimension 
e. Write d = dim S. For < A; < codim Xd-n : Vl)^^^ is an injection, so it remains 

only to show that f]^'^ is torsion-free. This follows by the last part of Proposition dhA 
embeds 0^+"^ in the free Ofl-module n'l+f+'^/hn^\f\ 

2. This is clear, since if k > dimDo then ^^^g is supported on Ci°^, whose dimension is less 
than that of D. 

3. Contraction of the generator dyAdsAdt of ^\^^SxT^ vector fields gives an isomorphism 
xSxT * ^vxSxT wtiich restricts to an isomorphism Der(logX') ~ hQP^'^~^'^{log'D). Thus 

SvxSxT ^ 
Der(logP) ^ ^ 

The preimage under l of the submodule dt A ds A ^y-^sxT °f ^v^xSxT module of vector 

fields with no component in the SxT direction, i.e. kertp : OvxSxT ^(p); putting everything 
together, it follows that 



Cl^'^^^ OvxSxT &{p) 

dtAdsA (llf, ^ Der(logP) + ker(tp) ^ ^ t/,(Der(log ^ '^/^ 



l,log 



Independence of the choice of p follows as usual from Lemma 2.9. 

4. Let vr : D — > 5 be a free deformation of Do, and let dim S = d. Then the torsion 
submodule of Jl^^ is equal to the kernel of the map 

dsiA--- Adsd-. = > ^ . 

for composition with the injective morphism dhA maps fi^,^ into the free ODo'^iodule 

^V^xS^ I '^1) ■ ■ ■ ) ^d)^^^s^ (so that TVfj^^^ is contained in the kernel), while on the other hand 
the kernel is supported only at 0, since Dq is free elsewehere, and hence is a torsion module. 
Now this kernel can be identified with Tor'^^ {T^j'g ,Os /'msfi)] for tensoring the short exact 
sequence 

with C = Os/msfl we get the long exact sequence 

= Torfs(j]^+^C) ^ Torf«(Ti')f ,C) ^ J^^^, ^ n^j^'^^C ^ T^f^ ^ 0. 

Now assume furthermore that it : D ^ S is versal (i.e. the inducing map i : V x S ^ W is 
a /C£;^e-versal deformation of the map iq which induces Dq). Then there is an exact sequence 

o^c ^ es ^ MT'n%') - (2) 

in which p is the Kodaira-Spencer map of the deformation. As T^"^ is a Cohen-Macaulay 
X 5-iiiodule of dimension d — 1, by 2.1C, and is finite over O5, it follows that its C'5-depth is 
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equal to d — 1 also, and it follows that £ is free, of rank d. If vr is miniversal, then all entries 
in the matrix a lie in ms^ and a C = 0. Hence Tor^^(T^'j,'^, C) ~ C/ms^oJ^ has dimension 

d = dim S = dim T^^°^. □ 



1.1 



Part (4) of this result, together with Damon's theorem identifying the ^e-normal space of 

.log 

(/o) 



a map-germ /o : C",0 ^ CP, with T^' (re-proved in Section | below) , now proves Theorem 



Example 4.4 Suppose that E C W is a weighted homogeneous free divisor and i : V ^ W is 
weighted homogeneous of /C^^e-codimension 1. Let Dq = i^^{E), let xi, ■ ■ ■ ,Xp he coordinates 
on V, and denote by Xe the Euler vector field on V. Then the torsion in fJ^,^ is generated over 
C by the class in $1^^ of i-^^{dxi A • • • A dxp). For is supported precisely at those points 
where i is not algebraically transverse to and thus dxi A ■ ■ ■ A dxp is a torsion form in 
As the Euler field is logarithmic, l-^^ (dxi A • • • A dxp) is also a torsion form (the contraction is 
well-defined in ^^^^ by 3.12| ). It is not zero, since its exterior derivative is a non-zero multiple 



of dxi A • • • A dx. 



5 Using (^'jj^g to calculate cohomology 

Definition 5.1 The analytic space D W is locally quasihomogeneous if for each x (z D 
there exist local analytic coordinates for W , centred at x, with respect to which the germ D, x is 
weighted homogeneous (with strictly positive weights). 

This property played an important role in Q (under the name strong quasihomogeneity): 

Theorem 5.2 Let D C C" be a locally quasihomogeneous free divisor, and let U = C"' \D. 
Then integration along cycles induces an isomorphism 

/i^(r(C",f]'(logL'))) ~ H^U;C) 

for < q < n. □ 



Here and in what follows, we use the small /i"? for the g'th homology of a complex. 

One can speak of a locally quasihomogeneous germ - one which has a locally quasihomoge- 
neous representative. This allows the apparent oxymoron of a quasihomogeneous germ which 
is not locally quasihomogeneous; however this incongruity seems less disturbing than the pos- 
sibility of a strongly quasihomogeneous space which is not (globally) quasihomogeneous, so the 
term "locally quasihomogeneous" is to be preferred to "strongly quasihomogeneous" . 

By ( |3.3p .6, if D C 1/ is a locally weighted homogeneous divisor then the complex 

^ Cn ^ Od ^ ^ ^ ■■■ 
is a resolution of C/). It follows that if 1/ is a Stein space then 

h''iriD,n}y))^H'^iD-c). 

Hence we can use the complex ^^^g to calculate the cohomology of the free fibres of an admis- 
sible deformation, provided the free fibres are locally quasihomogeneous. 
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Example 5.3 1. If (dim [/, dim V) are in Mather's range of nice dimensions (cf |^^) then 
every stable map-germ U ^ V is quasihomogeneous with respect to some coordinate system. 
(In fact this characterises the nice dimensions). It follows that in the nice dimensions stable 
discriminants are locally quasihomogeneous. Thus, for our motivating example, the insistence 
on local quasihomogeneity is not unduly restrictive. 

Definition 5.4 Let E QW be a divisor and let S he the canonical Whitney stratification of E. 

1. A stratum in S is locally quasihomogeneous if at each point x S, there are local analytic 
coordinates centred at x with respect to which E is weighted homogeneous (with respect 
to strictly positive weights). The weighted homogeneous codimension wh[E) of E is the 
infimum of the codimensions (in E) of strata of S which are not locally quasihomogeneous, 
and oo if E is locally quasihomogeneous. 

2. A stratum S ^ S is holonomic if at each point x €z S, TxS = tI°^E. The holonomic 
codimension hn{E) of E is the infimum of the codimensions (in E) of strata of S which 
are not holonomic, and oo if every stratum is holonomic. 

Lemma 5.5 Let Dq be an almost free divisor based on E, suppose dim Dq < wh{E), and let 
TT : D ^ S be an admissible deformation of Dq. Then for x ^ Ci°^, the complex ^£)/g is a 
resolution ofn^^iOs). 

Proof heti-.VxS induce D from E (i.e. D = i'^iE).) and ioi s & S let is : V ^ W 

be defined by is{x) = i{x, s). By a variant of the standard transversality lemma, if {x, s) ^ Cl°^ 
the is is algebraically transverse to E at x, and thus transverse to each of the strata in the 
canonical Whitney stratification of E. As dimF < wh.{E), is meets only strata along which E 
is locally weighted homogeneous, and thus Ds = i's^^{E) is locally weighted homogeneous. It 
follows that a; is * resolution of Cds,x- 

Again because {x,s) ^ Cl°^, there is a commutative diagram 

{D,{x,s)) ^ {Ds,x)x{S,s) 

vr \ y projection 

{S,s) 

and the isomorphism (D, (x,s)) ~ {Ds, x)x{S, s) induces an isomorphism of complexes 

and thus ^'j^^g is a resolution of C ® vr-i (Os) = tt^i (O5) . □ 

Our notion of good representative of a germ of admissible deformation tt : {D, (xq, 0)) — >• 5, 
of an almost free divisor Dq,xq is an obvious modification of the notion standard in the 
theory of isolated singularities, as described in some detail in ||2^, pp 25-26. We require 
an open set X C C^^-'^xC'^, a map i : X ^ W such that, writing D = i~^{E), we have 
L) nCP+ix{0} = D (as germs at xq), a real-analytic function r : X ^ [0, 00) and a real e > 
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such that r~^(0) n Dq = {xq} and such that Dq is stratified transverse to r~^{e') (in C^+^) for 
each e' with < e' < e. Then there exists a contractible S C containing such that the 
restriction of vr to each stratum of the canonical Whitney stratification of Z? is a submersion at 
each point of 7r~^{S) n r-^{e). Finally we take A = r-i([0,e)) n vr-i(S'), and D = D n A. 

From now on we suppose that we are given a good Stein representative of an admissible 
deformation n : D, (xo,0) S ol the p-dimensional almost free divisor {Dq,xq) based on the 
free divisor E. We suppose that p < min{wh(S), hn(£')}, and denote the dimension of D by m. 
Consider the short exact sequence of complexes 

H'^{Cll)^g) ^D/s ^D/s,(>o) ~^ (3) 

where H^{Cl'^^g) is the O'th cohomology sheaf (i.e. ker{d : ~^ ^L/s)) ^"-^ ^£)/5(>o) 

complex Cl^^^^f 'kej:{d : fJ^j/s ~^ D/s^ ~^ D/s ~^ ' ' ' ' ^PP^y^S functor vr* to this 
sequence and deriving, we obtain a long exact sequence of cohomology on S: 

■■■ ^ i?%,(?^0(f^^/5)) ^ M%*(fi^/s) ^ R%,($7^/5_(>o)) ^ 7^'?+lv^,(7^0($7^/5)) ^ • • • (4) 

for q > 1. 

Lemma 5.6 In these circumstances, 

(1) provided dimV > 1, 7i°(J7^yg) = tt^^{Os), and so R'^n^{Ti}^{Cl'j^^g)) is canonically isomor- 
phic to i?%*(Cz)) (g)c Os. 

(2) 

for q>l. 

(3) 

Proof (1) The statement is clearly true outside of Ci°^, and moreover it is obvious that 
T-L^{Cl'jy^g) 5 7r~^(Os) everywhere. The opposite inclusion follows from the connectedness of 
the fibres of vr. 

(2) As Dq is an almost free divisor, it follows that VTi^iog is finite. For q > 0, Ti'^ [Cl'jj i ^) is 
supported only on Ci°^, and thus R*7r*7-^'^(f]^^^) = for i > 0. Thus the spectral sequence 
M*'7r*7^''(Q^^_g ^^Q^^iJP+'^Tr^rj^^g ^^Qj collapses at Ei and the conclusion follows. 

3. This is an immediate consequence of the C/j-coherence of the sheaves f^^)/^, together with 
the fact that we have chosen a Stein representative. □ 

Corollary 5.7 Provided dim V > 1, the long exact sequence (^p reduces to 

■ ■■ ^ i?%*(CD) (^Os^ n^^.i^^o/s)) ^ ^*(^^(f^D/s)) ^ 7^9+l7r*CD (^Os^ ■■■ (5) 

for q> 1. □ 
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Theorem 5.8 Let it : D ^ S be a good representative of an admissible deformation of the 
p-dimensional almost free divisor Dq, and suppose that p < hn{E). Then 7^'^(7r*(0^y^)) is a 
coherent sheaf of Os -modules. 



Proof We use a theorem of Duco van Straten (||3^). Let vr : D — s- 5 be a good representative 
of an admissible deformation of an almost free divisor, and let £ be a sheaf of complex vector 
spaces on D. £ is transversally constant at the boundary if there exist an open neighbourhood 
U of dA and a C°° vector field 9 on U with the following properties: 

1. 9 is transverse to dA; 

2. 9 is tangent to D and to the fibres of vr; 

3. the restriction of C to each local integral curve of is a constant sheaf. 
Then van Straten proves 

Theorem 5.9 Let tt : D ^ S be a good representative of a germ vr : {D,0) ("S*, 0), and let 
K' be a finite complex of sheaves on D. Assume 

1. the sheaves are Od- coherent; 

2. the differentials — > K"^^^ are 7r~^ (Os) -linear; 

3. the cohomology sheaves T-C'{K') are transversally constant at the boundary. 

Then K^^:^,K* is an Os-coherent module. □ 



The statement in |32] assumes a 1-dimensional base 5*, but this hypothesis is not used in the 
proof. 



Lemma 5.10 Let n : D ^ S be a good representative of an admissible deformation of the 
p-dimensional almost free divisor Dq based on the free divisor E, with p < hn{E). Then the 
cohomology sheaves H} {VL'jj j g) are transversally constant at the boundary. 

Proof As Cl°^ n Do = {(0,0)}, at each point of the boundary dA n Dq all the strata of 
the canonical Whitney stratification Xq of Dq are holonomic, i.e. for each stratum X ^ Xq and 
X G dD, TxX = Tx"^Dq. Thus, since OAq is transverse to Xq, at each point x E ODq there 
exists a germ of vector field Xx ^ Der(logL'o)x such that Xxi^) ^ TxdA. As vr is locally trivial 
at {x,0), the logarithmic germ Xx extends to a germ Xx G Der(log q) nker((i7r); there is a 
neighbourhood Ux of (x, 0) in VxS such that for all (x', s) G dD n Ux, Xx{x' , s) ^ T(^x s)dA. Let 
U = [j 

xeDoiidA^^- Now by means of a partition of unity subordinate to the open cover {Ux} 
of [/, we construct from these Xx a C°° vector field 9 on U such that 

L for all G U, 9{x,s) G 

2. for all {x, s) e U D dD, 9{x, s) ^ T^x,s)dA. 
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By shrinking U if necessary, we can suppose that U n Ci°^ = 0. Thus at each point {x, s) G U, 
vr is locally analytically trivial. As 6 is tangent to the fibres of vr and logarithmic, it follows that 
the sheaves 7Y*($1^^^) are constant along the integral curves of 9. □ 

Coherence of the sheaves M'^7r*f2^^^ now follows, by van Straten's theorem. □ 

As in the classical case, that is, the theory of isolated complete intersection singularities 
(ICIS), from the coherence theorem follow a number of interesting results. In most cases proofs 
are identical with those of the corresponding classical results in |2^, and are omitted where 
possible. 

Following Brieskorn and Greuel, we define three associated modules. Let vr : Z? — > 5 be a 
good representative of an admissible deformation, and let p : V ^ SxT he a free extension. 
We write dim S = d, dim T = r. For brevity let us denote by H the module 7l!P(7r*0^^^). 



TT O'*" 



ds A d(7r*0^y_g,) 

n" 



Xds A d{iT^ri^j^^g) 

Note that by Lemma Ti'" does not depend on the choice of free extension p of vr. We 
also define 



H' 



'D/S,{xo,0) 
"■^''D/S,ixo,0) 



^„ _ ''d,(xo,0) 



dir A dCl^r, / c r n\ 



r 



j^W _ I',(a:o,0) 



Xds A df^^/5^(^(j^o) 



By a standard argument (see e.g |22] 8.6), if tt : D ^ 5* is a good representative of vr : 



(-D, {xq,0)) ^ S,0 then the stalks at G of 'H,'H',?{" and Ti."' are canonically isomorphic to 
H,H',H" and H'" respectively. 

Proposition 5.11 LetDo,xo be a p- dimensional almost free divisor based on the free divisor E 
with p < hn(E), and let n : D ^ S be a good Stein representative of an admissible deformation 
of Dq^xq. Then'H'^'H" and H'" are Os -coherent. 
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Proof Apply the argument of 5^ to the complexes ^^^^5' (<p), dn^Cl'j^^g (<p)) ^^'^ Xdn^Cl'j^ (<p))- 

'□ 



Proposition 5.12 Let D, xq be a p- dimensional almost free divisor based on the free divisor E, 
with wh(E) > p + 1. Then the complex 

<Cd,xo ^D,xo ^D,xo ■■■ ^ ^D,xo 
is exact, H^^^y{dCl^ ^^^) = 0, and there is a natural chain of injections 



Proof Looijenga's proof of the corresponding result (|^2[8.19) in the case of a deformation 
/ : X ^ S* of an ICIS applies without change in this context. It relies only on estimates of the 
depth of the modules O^^. , and on the acyclicity of xo ^o- Our depth estimates here 



(4.2) are formally identical to the estimates in the classical case (compare 8.15 and 8.16 of |£2| 



and the hypothesis that p + 1 < wh.{E) guarantees the acyclicity of Cl^ off 0°^. □ 

From this result follows a similar statement in the relative case: 

Proposition 5.13 Suppose that tt : D ^ S is an admissible deformation of the p-dimensional 
almost free divisor Dq,xo based on the free divisor E, and that p + 1 < mm{wh(E) , hn{E)} . 
Then H' , and H'" are free Osfi modules of rank /xa(-Do,Xo), and if it is a deformation which 
frees Dq, then the complex 

^ 05,0 ^ OD/S,ixo,0) ^Z)/5,(xo,0) ^ • • • ^ ^D/S,{xo,0) 

is exact. 



Proof Again, Looijenga's proof of the corresponding result, |22] 8.20, applies practically 
verbatim. The proof is by induction on dim S, but does not involve fibrations with fibre 
dimension greater than p. There is a minor difference of notation: Looijenga uses ujf in place 
of Greuel's H'", to which our notation H'" refers implicitly. □ 



6 The Gauss-Manin connection 



Let TT : D ^ S he & good Stein representative of a deformation which frees the p-dimensional 
almost free divisor Do,xo, and let B C S be the logarithmic discriminant. 

The sheaf Wtt^Cd is a local system off B, and so Wtt^^Cd Os is naturally endowed with 
a flat connection. Because of the natural isomorphism 

off B, Ti.P{Tr^Q^jj^g) thus has a natural flat connection off B, the topological connection. In |22| 
the extension of the corresponding flat connection on the vanishing cohomology of the Milnor 
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fibration / : X — > of an ICIS to the singular Gauss-Manin connection on (xq o)) 

described in terms of Lie derivatives; the same construction serves in the case of an admissible 
deformation of an almost free divisor. Following Looijenga's account, we now sketch this. 

First, if s ^ B, then every vector field germ -q € 6s,s has a lift to a section ^ of 7r*Der(log D)s; 
as in this is a consequence of the fact that n : D ^ S is a Stein map. For [to] € 

W{TT^Cl*jj^g)s, set 

V,(M) = [L^(^)], 

where is the Lie derivative. Note that Cartan's formula L^{uj) = di(^{uj) + L^{duj) holds for 
CO G Cl^, since both the exterior derivative d and contraction by the logarithmic vector field 
^ preserve the subcomplex hQ'{\ogD) of Q\ (where A is the ambient Milnor ball). It is easy 
to check that is well defined on the relative complex ^'j^^g and commutes with its exterior 
derivative. 

If ^' is another lift of r] then is vertical with respect to vr, so since dto £ -K^(iT*0,g gACi'^)s, 
we have 

L^_^i{uj) = L^_^i{duj) + d{L^_^i{u!)) 

= d{L^-^'{uj)). 

Thus V : TC^{-K^Cl'^^g)s H^{-K^Cl'^^g)s ^Ss ^^^^ defined. 

Looijenga's proof that V so defined coincides with the topological connection works verba- 
tim: one needs only to check that the pairing 'HP{TT^Cl*^^g J x Hp{Ds;C) — > Os,s (given by 
integrating forms over the translation of cycles Z £ Ds to nearby fibres by means of the local 
trivialisation of the fibration vr : D — > 5 around s) is non-degenerate in 'H^{Tr^Cl*j^^g and the 



argument on pages 149-150 of [22| shows this, without any modification. 



The connection V extends to a meromorphic connection on Ti.^[7r^Cl'j^^g ^) for points s £ B, as 
follows: let g he a defining equation for the hypersurface B, and let C denote the (coherent) 
Os module of vr-liftable vector fields. If € 6s, s then for some positive power m, g'^r] is 
liftable, by virtue of the coherence of 9s /C Let ^ be a lift. Moreover, by the coherence of 
H' and H^^tt^Ci'j^^^), and the fact that they coincide off B, some power of g pushes L^{ui) into 
Z'P{iT^Cl'^^g J. Thus we can define 

V : ?^P(7^,0^/s) ^ 'H''i^*^D/s)[9'^] ^ 

by 

V,{[u:])=g-"^[L^{uj)] 

where ^ is a lift of g"^ri and m is a sufficiently high power for the expression on the right to 
make sense. 

Finally, this connection extends by Leibniz's rule to a meromorphic connection on TiP['K^Cl*j^ig ^ 
Theorem 6.1 The Gauss-Manin connection just defined has a regular singularity along B. 



Proof Once again, the proof for the classical case given in [E2[ applies verbatim. □ 
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7 Calculating jiE 



Lemma 7.1 If Dq,xq is a p- dimensional almost free divisor based on the free divisor E, and 
p < mm{wh{E),hn{E)}, then ^e{Dq,xq) = dim ^^Do,xo/^^^Do]xo- 

Proof Let tt : D ^ S he a deformation which frees Dq,xo (such deformations exist, by the 
hypothesis that p < hn(£')). Then H' = J^^y^ (^^^ o)/^^D/s (xo 0) ^ ^^^^ Os,o-™odule of rank 



Proposition 7.2 Suppose that Dq is a p-dimensional almost free divisor based on the free 
divisor E, and that tt : D ^ S is a deformation over the 1-dimensional base S, which frees 
{DqjXq), with the property that (D, {xq,0)) is also almost free. Then provided p + 1 < wh[E), 
fJ-EiDo) + I^e{D) = dim 0^+^ 

Proof The proof is practically identical to Greuel's proof of the corresponding result (Lemma 



5.3) of ||19[|. Consider the map 

V^/a^ :dsAH'^ H", [ds Acu]^ [dcu]. 
Both ds A H' and H" are C{s}-modules of rank p,e{Dq), with ds A H' CI H", and 

K/dsiads A M) = g.V^/asids A M) + {dg/ds)Va^a,{ds A [u]) 
for g £ C^; it follows by the Malgrange index theorem (see for example j2 3D, Theorem 2.3) that 
dimker V'^y^g — dim cokerV^^^^ = rank ds AH' — dim {H" /ds A n). 



Now V'^y^^ is injective (by |5.12 ) and so this equality amounts to 



-dim = ixe{Dq) + dim 0^+^, 



d^'D,x 

and thus to the required equality. □ 



Lemma 7.3 dim 17^,1, = dimT}^^?^ . 

Proof Let p : P— ^SxTbea free extension of vr : D —)■ S. By the proof of |4.3| (4), 

Tnl^^l = ker (A : Q^^^l - ^l^J^') / m^^,^^' As AcItt : n^^,^^ (f^'^^' is injective, T^^^^, n 
(i7r($7^y^^) = 0, and hence there is an exact sequence 



D,x D/S,x dtAdTTA 
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From the exact sequence 



and the fact that dim TCIj-, ^ = dimTj-,' (by ^7^ ) we conclude that dimQ^^^^ = dimT^'y^^^. □ 



Corollary 7.4 With the hypotheses of^, he{Do) + fiE{D) = dim^ ° 

Exactly as in [^], this furnishes us with a means of calculating iie{Dq): we suppose that we 
are given a free deformation vr : ^ 5 of Dq with the property that if = D n {sj+i = • • • = 
Srf = 0} then each germ (Dj,0) is almost free, and with dimi^ < wh(£^). We apply |7.4| to the 
deformations vTj : ^ Si, where Si is 1-dimensional and 7rj(x,s) = Sj. 

Corollary 7.5 

d 

1=1 

1=1 

□ 



This should be contrasted with the calculation of fiE given in [|12[, which we now summarise. 
Let TT : {D, (2:0,0)) {S,0) be a free deformation of the almost free divisor Dq,xq = i~^{E), 
suppose that vr frees Dq, and suppose that we are given a defining equation h for D in the 
smooth ambient space A, with the property that there exists a vector field x S such that 
X-h = h (such an equation is called a "good defining equation" in [|l2|). Let Der(log/i) be the 
set of vector fields annihilating h - i.e., tangent to all of the level sets of h. Then we have 

Proposition 7.6 In these circumstances 

9{i) 



He{Do,xo) = dimi^ 



dim. 



C 



ti{ev) + i*iDer{\ogh)) 



tTT{Der{log h)) + ms,o6{'iT) 

□ 



In fact proves only the first of these equalities. The second follows, by the argument of the 
proof of E7^. 



Our |7.4| and 7.5 do not reduce in any obvious way to 7.6. For example, consider the case of 



a free and freeing deformation vr : D — > S" with dimS = 1. Then 7.4 gives 



Iie[Do,xo) = dim p-r 6) 

i7r(Der(log D)) 
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while 7^ gives 

fME{Do,xo) = dim — (7) 

t7r(Der(log h)) + msfiOijT) 



Moreover, does not require a good defining equation. 

In fact the modules on the right hand side of (^) and ^ coincide when D is weighted 
homogeneous and the variable s has non-zero weight Wg'- if Xe = Wssd/ds + ^- wixid / dxi is the 
Euler vector field, then Der(logZ)) = Der(log/i) © (xe), and t7r(Der(log D)) = t7r(Der(log /i)) + 



Another application of 7.4 is the following: 



Corollary 7.7 // Dq is a p- dimensional almost free divisor based on the free divisor E, if 
p < mm{wh{E) , hn{E)} , and if ^e{Dq) = 1, then the fCE-discriminant in a versal deformation 
of Dq is reduced. 



Proof Let io induce Dq from E. By the main theorem of |12|, the /C£;^e-codimension of io is 
no greater than iie{Dq); it is therefore equal to 1. Let i be a miniversal deformation of io over 
the smooth 1-dimensional base 5, and let D = i~^{E). 

The ICe discriminant consists simply of {0}, but with analytic structure provided by the 
0-th Fitting ideal of T^"^ as O^-module. By ^e{Dq) = A.im^T'^"^ (since i is algebraically 

transverse to E). Therefore T^^°^ has length 1. It follows that its zero'th Fitting ideal over Os 
is the maximal ideal msfl', hence the /C£;-discriminant is reduced. □ 

We remark that the same argument shows that the vector field sd/ds on S is liftable to a 



vector field x ^ Der(logD). See for some striking results on the question of the reducedness 



and freeness of the /C£;-discriminant. 



8 Discriminants of Maps and Damon's theorem 



In this section we describe the relation between singularities and deformations of map-germs 
/ : C", C^, and the theory of almost free divisors. 

In 1^, Damon proves the following theorem: 
Theorem 8.1 Suppose that the diagram 

U,0 V,0 

io T «o T 

u,o 

is a fibre square (with i^ transverse to F), and that F is stable. Let D be the discriminant of F 
(or image if n < p). Then 



/ +i*^[Der{\ogD))' 
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Here Tj is the O^p Q-module 

Oif) 



also known as NAef, and all the spaces are assumed non-singular. 

Damon's proof in ||8| used the additional hypothesis that / has finite ^e-codimension, and 
was rather involved. C.T.C. Wall gave a simpler proof in [041; here we give a proof along similar 



lines. Other proofs can be found in |17] and p 



Proof of 8.1 Let us first assume that F is an unfolding of /, with U = UxS,V = VxS, 
and that io : ^ V, is the standard inclusion v t—f {v,0). 
Step 1 

OjF) ^ ejF/n) 

Step 2 By a standard argument (see e.g. |^2| 6.14), Der(logD) is the kernel of the morphism 
ujF : 9vxS F*{(^{F)/tF{9uxs))- There is a commutative diagram 



T T 

^ t7r(Der(logL')) ^ ^(vr) ^ . /^^^ ^ 

^ V ^/ \ / <7r(Der(logD)) 

^ Der(logl)) ^ Oy^s - {iFwb)) ^ « 

T T ]^ 

- Der(logZ?). ^ 9y^s/s - ^* (if^tS;;^) ^ ^ « 

t r 



Diagram chasing gives an isomorphism 



Ti. 



t^(Der(logL>)) -^Z^' 
so now tensoring with Ov,o (over OvxS,o) produces an isomorphism 

e{7r) e{TT) 



i7r(Der(log D)) + ms9{TT) t7r(Der(log D)) 

But 

^(vr) 



Ovfi - T). 
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can be identified with 



and using this identification we obtain 



tioiOv) 



tio{9v) + i5Der(log D) t7r(Der(log D)) + ms,oO{7r) ^ ' 

This completes the proof in the special case where F is a (parametrised) unfolding of /. The 
general case follows by showing first that up to isomorphism, the module 

0{i) 



ti{9v) +i*oBeT{logD) 

is independent of the choice of stable map F from which / is pulled back by i. For stable maps 
are classified by their local algebras ([^]), and the local algebra of F is isomorphic to that of 
/; hence, if Fi : Ui,0 ^ Vi, , and and F2 : U2, V2, are stable maps from which / may 
be induced by transverse pull-back, with dim Ui > dim U2, then Fi is equivalent to a trivial 
unfolding of F2 on dim Ui — dim U2 parameters. As a consequence of this, we may assume that 
is a stable unfolding of /, as in the special case. □ 



Note that the isomorphism T^^^ ~ ^(7r)/i7r(Der(log D)) identifies the support of T^^^ as the 
logarithmic critical space of vr : I) — s- S. Note also that there is now a strong formal analogy 
between Tj and T^^, where Xq = /^^(O): 



t7r(Der(logL>)) + m^d ^0{7r) 



_ 0{f) 



*/(%",o) + "^c^o^(/) 
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